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Abstract 

The continuum random cluster model is defined as a Gibbs modification 
of the stationary Boolean model in with intensity z > 0 and the law 
of radii Q. The formal unormalized density is given by (7^='= where <7 > 0 
is a fixed parameter and Ncc the number of connected components in the 
random germ-grain structure. In this paper we prove the existence of 
the model in the infinite volume regime for a large class of parameters 
including the case g < 1 or distributions Q without compact support. In 
the extreme setting of non integrable radii (i.e. J R‘^Q{dR) = 00) and q is 
an integer larger than 1, we prove that for 2 small enough the continuum 
random cluster model is not unique; two different probability measures 
solve the DLR equations. We conjecture that the uniqueness is recovered 
for z large enough which would provide a phase transition result. Heuristic 
arguments are given. Our main tools are the compactness of level sets of 
the specific entropy, a fine study of the quasi locality of the Gibbs kernels 
and a Fortuin-Kasteleyn representation via Widom-Rowlinson models with 
random radii. 

Keywords. Gibbs point process ; phase transition ; specific entropy ; 
Boolean model ; Widom-Rowlinson model ; Fortuin-Kasteleyn representa¬ 
tion 


1 Introduction 

In this paper we are interested in a continuum version of the random cluster 
model usually defined on a deterministic graph. The reference model is the 
stationary Poisson Boolean model with intensity z > 0 and the law of radii 
Q a probability measure on M"*". It is built by union of balls in centred 
to the points of a stationary Poisson point process with intensity z > 0 and 
with random independent radii following the distribution Q. The finite volume 
continuum random cluster model is then defined as a penalized Boolean model in 
some bounded window A. The unormalized density is given by where q > 0 
is a positive real number and Ncc denotes the number of connected components 
of the random closed set considered. For this model, the mean number of 
connected components is increasing with respect to q which provides a clear 
interpretation of this parameter. For g = 1 we recover the standard Poisson 
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Boolean model. In the infinite volume regime a global density is senseless 
and a definition of the continuum random cluster model (called CRCM in the 
following) via Gibbs modifications is required. Precisely a CRCM is a solution 
of the standard DLR equations (5). Existence, uniqueness and non-uniqueness 
questions arise. 

Originally the random cluster model is a lattice model introduced in the late 
I960’ by Fortuin and Kasteleyn to unify the models of percolation as Ising and 
Potts models. Most properties and results about this model, such as existence 
of random cluster model on infinite graphs, percolation property and phase 
transition property can be found in [10, 13]. In the continuum setting the CRCM 
has been also introduced for its relations with the continuum Potts model and 
the Widom-Rowlinson model. It led to new proofs of phase transition for those 
models, see [3] and [8]. The CRCM is also studied in stochastic geometry and 
spatial statistics as an interacting random germ-grain model [15]. For a suitable 
parameter q the CRCM fits as best as possible the clustering of the real dataset. 
The estimation of the parameter q and the law of radii Q is studied in [16]. 

All these works, including those in statistical mechanics, involve only the 
finite volume CRCM. The infinite volume version has not really been studied 
and highlighted as in its analogous on deterministic graphs. However its inter¬ 
ests are numerous in statistical physics and spatial statistics. Involving physical 
considerations, phase transition phenomenons are observable from infinite vol¬ 
ume CRCM; it is believed that the uniqueness of the CRCM would be violated 
for special critical values of z, q. Many conjectures and open questions for 
the lattice models concern the continuum case as well. In stochastic geometry, 
the infinite volume CRCM provides a more relevant model than the Boolean 
model for the applications in material science, microemulsion modelling, etc. Its 
macroscopic properties (mean value, conductivity, permeability) can be stud¬ 
ied via stationary tools as Palm theory and ergodic theory. Finally in spatial 
statistics, the existence of models in infinite volume regime enables the study 
of the asymptotic properties of estimators, functionals, etc. For example the 
maximum likelihood estimator of the parameter q along a sequence of increas¬ 
ing observable windows (A„) requires the existence of the model in the whole 
space. 

The existence of the infinite volume CRCM has not been proved in a general 
setting of random radii, continuum parameter g > 0 and ^ > 0. However it 
is known that it could be constructed via a colour-blind Widom Rowlinson in 
the setting where q is an integer values and the radii are not random [3]. The 
aim of this paper is to provide the existence of the model for the larger class 
of parameters as possible. In some case, the non uniqueness is also proved. 
Our first theorem gives the existence of the CRCM for any distribution Q with 
compact support, any q > 0 and z > 0. In the case of unbounded radii, 
the existence is proved if Q has a d-moment (i.e. f R^Q{dR) < -boo), q > 1 
and z > 0. In the case where Q does not have a d-moment, the existence is 
trivial since the Poisson Boolean model is a CRCM itself. However in a second 
theorem we prove the existence of another CRCM leading to a non uniqueness 
Gibbs measures phenomenon. This result is obtained in the case where q is 
an integer and z is small enough. Using a Pirogov-Sinai approach, this non 
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uniqueness result could provide an interesting tool for proving a phase transition 
phenomenon in the approximation setting f R'^Q{dR) —)> oo. However we think 
that it has its own interest as well since non uniqueness results are quite rare 
for continuum models. We conjecture that for 2 : large enough the uniqueness of 
Gibbs measures is recovered in the non-integrable case. It would provide a phase 
transition where the uniqueness is lost only for 2 ; small enough. This behaviour 
is unusual for Gibbs point processes where the uniqueness is in general lost for 
2 ; large enough. Heuristic arguments of the conjecture are given. 

The proof of the first theorem is based on the compactness of the level 
set of the specihc entropy and a fine study of the quasi locality of the Gibbs 
kernels. This strategy have already successfully applied for proving the existence 
of several Gibbs models [5, 6, 8]. In the present paper the very long range 
dependence is our major problem. Indeed the radii are not bounded and the 
influence of a ball can be felt far away if it splits a large connected component 
when it is removed. Such long range dependence were not dealt in the papers 
mentioned above. In the extreme setting of the second Theorem, we did not 
succeed to manage the long range dependence of the interaction as in the the 
first theorem. The non-integrability of the radii may produce balls with too 
large radii. So we turned to a Fortuin-Kasteleyn representation of the CRCM 
via a colour-blind Widom-Rowlinson model as in [3, 10]. In this setting the 
DLR equations are simpler to obtain since the non overlapping assumption for 
balls with different colours confines naturally the range of the interaction. In 
this setting q represents the number of colors and it is the reason why q is an 
integer. 

Finally note that the standard FKG inequalities, which are abundantly used 
for the random cluster models on graphs, are not satisfied in the present setting. 
In particular the thermodynamic limit of finite volume Gibbs measures to the 
infinite volume Gibbs measure can not be proved. Only the convergence of the 
empirical field of the finite volume Gibbs measures is obtained. 

In Section 2 we introduce the notations and give the formal definition of the 
GRGM using the DLR formalism. Then we give both main theorems mentioned 
above in the Section 3 devoted to the results. The proof of the first existence 
theorem is given in Section 4 and the second theorem in Section 5. The Heuristic 
arguments of the conjecture are presented in Section 6. 

2 Notations and Results 

2.1 State space and reference measure 

For d at least 2, S denotes the space x M'*' endowed with the Borel ci-algebra. 
H stands for the set of non negative integer-valued measures a; on S' with hnite 
mass on set A x M'*' for any bounded set A C An element w of H is called 
’’conhguration” and can be represented as w = for a finite or inhnite 

sequence (xi, Ri)i^i of points in S without accumulation points for the sequence 
{xi)i^j. H is equipped with the classical cr-algebra R generated by the counting 
variables u 1 —)■ a;(F) where F is a bounded Borel subset of S. We denote by 

the subset of finite configurations. For a subset A of the configuration 
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restricted to A is defined by := a;(. n A x M"'') and is the sub fi-algebra 
of T generated by the counting variables w i—)■ a;(r) where F is a bounded subset 
of A X M"''. We write (x, i?) G cj if w({(x, R)}) > 0. For a configuration uo and a 
subset A of w(A) denotes the number of points (x, R) ^ u such that x G A. 
At each configuration cj we associate its germ-grain structure 

L{uj)= U B{x,R) 

(x,R)Guj 


where B{x, R) is the Euclidean closed ball of center x and radius R. 

For a positive z > 0 and a probability measure Q on M+, let be the 
distribution on n of the Poisson point process of intensity measure m = (8> 

Q. It is the distribution of the homogeneous Poisson point process on with 
independent marks distributed by Q. For A C denotes the projection 

of on A X M"''. The random closed set L under the law is the so-called 
Poisson Boolean model with intensity z > 0 and law of radii Q. 

In the following a probability P on 11 is called stationary if it is invariant 
under the translations by vectors in A definition with translations by vectors 
in could have been considered as well. 

2.2 Interaction 

For any configuration lo, the connected components in L(uj) are defined via 
the graph of connections G{td) = {V(ui), S(lo)) where the vertices are V(a;) = 
{(x, R) G uj} and the edges £{io) = {{(x, R), {y, R')} C V(cz), such that B{x, P)n 
B{y,R) / 0}. A connected component in L{uj) is defined as the union of balls 
B{x,R) for {x,R) in a connected component of G{lo). Note that it could be 
different from a topological connected component in L{uj). For instance the 
configuration uj = (i(o,o) + Ylin=i^(n,n-i/n) has two connected components in 
Q{oj) and only one topological connected component in L{oj). For finite config¬ 
urations, both definitions are equivalent. 

For q > 0 fixed, the interaction between the particles is given by the unnor¬ 
malized density 

qNcciuj)^ a; G 

where Ncc{u}) denotes the number of connected components of L(uj) (or equiv¬ 
alently in Q{uj)). This density is well defined only for finite configurations. As 
usual, for infinite configurations we define a local conditional density. 

Proposition 2.2.1. For any cz G 11 and A C bounded, the following limit 
^cci^) = lim (AIcc(wa) - NcciiZA\A)) (1) 

exists and is called local number of connected components in A. The limit is 
taken along any increasing sequence of sets (A„). 

Proof. For a given tz G 11 we are interested in the quantity Cn = Ncc(a;A„) — 
Ncc(cza„\a), where (A„) is a given increasing sequence converging to Since 
the quantity Cn has integer values, the sequence (cn) converges if and only if it 
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is constant for n large enough. For a subset A C a connected component of 
L{uj\c) is called a A-component of oj if it is connected to For any n > 1, 

any X = (x, R) G let us introduce the quantity 

Dni^) — ^Cci^An + ^x) ~ A^Cc(^A„\A A ^x) ~ [A^Cc(^An) ~ -^Cc(^An\A)] ) 

which gives the variation of the number of connected components when the ball 
B{x,R) is added. It is not difficult to see that Dn { X ) may be not zero only if 
one of the two following situations occurs 

• B{x, R) is connected to at least two A-components of wa^, 

• B{x, R) intersects one ball B of L{uj\) without intersecting any A-component 
of WAn connected to B (this case happens in particular when B does not 
intersects any A-component of a;A„) ■ 

Show that there exists > 1, which may depend on oj, such that none of 
the two situations occurs for any X G wa'^ • It ensures that the sequence (c„) is 
constant for n > N. Since the number of A-components is finite we can choose 
N large enough such that the number of A-components in L(u}) is equal to the 
number of A-components in In other words the A-components in L{oj) 

are identifiable in Aw- Now it remains the problem that a ball outside may 
be connected to L{uja) without intersecting any A-component of wa^- But the 
number of such balls is finite. So for N large enough this situation does not 
occur. 

□ 

Let us point out that, even if N^{uj) depends only on wajvj the determina¬ 
tion of N involves a global knowledge of the configuration uj. This long range 
dependence is the major problem in the present paper. 

The local number of connected components satisfies the following additivity 
properties which is a direct consequence of (1). For any couple of bounded sets 
A C A' in there exists a function (/>a,a' such that, for all a; in 

N^'iu) = + </.a.a'(^aO- (2) 

The function 0 a, A' depends only on the configurations outside A. It is a 
crucial point for the compatibility of the Gibbs Kernels. Let us finish this 
section in giving useful bounds for N^. 

Proposition 2.2.2. For any configuration oj and any bounded set A 

N^fiuj) < oj{A). (3) 

Moreover, for any Rq > 0 there exists AT G M sueh that for any eonfiguration 
satisfying for all points {x,R) G oja, R < Rq then 

N^fiuj)>K-u;{An,\A), (4) 

where = A © 5(0, i?o -|- 2). 
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Proof. For any subset A the difference Acc(wa)—-^cc(<^a\a) is obviously smaller 
than a;(A) and so its limit when A tends to as well. The first inequality (3) 
follows. 

To get the lower bound for we first note that the worst case occurs 

when has one connected component which intersects a lot of connected 

components of L{ujf^c). So let us control this number of connected components. 
We consider (x, i?) G wa^ such that B{x,R) intersects a connected component 
of Since all balls of L{uja) have a radius smaller than Rq we have 

\B{x,R) n ArJ > Vd, 

where Vd is the volume of the unit ball in dimension d. So the number of 
connected components of L(wa= ) which are connected to L{uj\) is bounded 

from above hy k = • Taking into consideration the balls in \a have 

iVc^(w) > 1 - fc - a;(ARo \ A) 

and (4) follows. □ 

2.3 Continuum Random Cluster Model 

The continuum random cluster model is defined via standard DLR formal¬ 
ism which requires that the probability measure satisfies equilibrium equations 
based on Gibbs kernels (see equations (5)). Before giving these equations we 
need to assume that these kernels are well-defined which is the case if for any 
bounded set A and any configuration a; the partition function 

-^a(waO := [ 

Jn 

is non degenerate which means that 0 < < -|-oo. As usual, for any 

configuration w, Z\{u\c) > 7rJ®(0) = > 0. For the other bound, the 

following assumption is required 


(7 > 1 or the probability measure Q has a compact support. (A) 

Lemma 2.3.1. Under the assumption (A), for any configuration lo and any 
bounded set A the partition function Z\{u}\c) is finite. 

Proof. In the case q > 1, thanks to (3) 

^a(wac) < [ q‘^'^^K^^{du}') < -hoo. 

Jn 

If q < 1 and Q has a compact support, there exists Rq such that Q([0, Rq]) = 1 
and thanks to (4) 


Za{u}ac) < q^ < + 00 . 


□ 
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We are now in position to give the definition of a continuum random cluster 
model. 

Definition 2.3.1. Under the assumption (A), a probability measure P on 
(n, is called a continuum random cluster model for parameters z, Q and 
q (CRCM(z,Q,q)) if for all bounded A C and all bounded measurable func¬ 
tions f we have 


^ f{u:)P{dw) = 1^1^ f{J^ + ( 5 ) 

Equivalently, for P-almost every u the conditional law of P given is abso¬ 
lutely continuous with respect to with density 

These equations, for all A, are called DLR (Dobrushin, Lanford, Ruelle) 
equations. The existence of such Gibbs measures is the main question of the 
present paper. The non uniqueness is also considered. 

3 Results 

Our first result theorem ensures the existence of at least one CRCM{z,Q,q) 
for the larger class of parameters {z, Q, q) as possible. 

Theorem 1. 

• If Q has a bounded support, i.e there exits Rq > 0 such that (5([0,i?o]) = 
1 , then for all z > 0 and q > 0 there exists at least one stationary 
CRCM(z,Q,q). 

• If J R'^Q{dR) is finite, then for all z > 0 and q > 1 there exists at least 
one stationary CRCM(z,Q,q). 

The proof of this theorem is based on the compactness of the level set of 
the specific entropy (see Proposition 4.1.1). This tightness tool allows to build 
a limit point of a sequence of stationary empirical field coming from the finite 
volume Gibbs measures. Then the main difficulty is to prove that this limit 
point satisfies the DLR equations. This strategy has already been successfully 
applied for proving the existence of several Gibbs models [5, 6 , 8 ]. In the 
present context of continuum random cluster model, the strong non-locality of 
the interaction is our major problem. Indeed the radii are not bounded which 
produce a long range dependency. Moreover the contribution of each ball in 
the interaction can be long range if the ball is ’’pivotal” in the sense that it 
plays a crucial role in the determination of N^{u}). The size of the connected 
components has also an influence on the range of the interaction. In particular, 
for proving the DLR equations, we need to prove that the limit point has, a 
priori, at most one infinite connected component. The proof of this theorem is 
given in Section 4. 

In the extreme setting of non-integrable radii (i.e. f R‘^Q{dR) = -|-oo). First 
we note that the existence of a CRCM{z, Q, q) is obvious since the Poisson point 
process solves the DLR equations (5). 
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Proposition 3.0.1. If f R'^Q{dR) = +oo then the Poisson process is a 
CRCM{z,Q,q). 

Proof. It is well known that, for any bounded set A and Tr^’^^-almost all oj, the 
set 'J(x,r)£oj/^cB{x, R) covers the full space [4], Therefore the function i—>- 
A^^(a;^+a;A'=) is identically null for vr^’^-almost every outside configuration wac. 
The DLR equations follows easily. □ 

Our second theorem ensures the existence of another CRCM{z, Q, q) differ¬ 
ent from when q is an integer and z is small enough. It is a non uniqueness 
result which proves that the simplex of CRCM{z,Q,q) is not reduced to a 
singleton. 

Theorem 2. If R'^Q{dR) = +oo and if q is an integer larger than 2, there 
exists zq > 0 such that, for all z < zq, there exists a stationary CRCM(z,Q,q) 
different from . 

The reason why q must be an integer comes from the FK representation 
we used in the proof. Indeed we are not able to extend the proof of Theo¬ 
rem 1 to the case R'^Q{dR) = -|-cx). The influence of large balls centred far 
away is too difficult to control and we do not succeed to prove that the limit 
point satisfied the DLR equations. Using the representation of the CRCM as 
a Widom-Rowlinson model (a model of non overlapping balls with q different 
colors) as in [3, 10], the existence problem becomes simpler. Actually the DLR 
equations of the Widom-Rowlinson are more ’’local” since balls with different 
colors are not allowed to overlap. It produces a natural locality of the interac¬ 
tion. However we think that the assumption g G N is only technical and could 
be relaxed by g > 1. 

Involving the parameter z we believe that the assumption z small enough 
is crucial. In our proof, it ensures that the CRCM( 2 ;, Q, q) we build is different 
from It is based on specific entropy inequalities which ensure the discrim¬ 
ination for z small enough. From a general point of view, we conjecture that 
for z large enough there exists an unique CIiCM.{z, Q, q) which is The 

uniqueness would be recovered for 2 large enough leading to a phase transition 
phenomenon. 

Conjecture 1. If fjg+ R^Q{dR) = -|-cx), there exists zi > 0 such that, for all 
z > zi, there exists an unique stationary CRCM(z,Q,q) which is . 

Note also that it is unusual in statistical mechanics that the non uniqueness 
result is obtained for z small (and not large). The proof of the conjecture would 
reinforce this curious behaviour. Let us finish this section by giving an interpre¬ 
tation of the phase transition conjecture as a competition between the Poisson 
process and the energy density. Recall that the CRCM on a finite window is 
a Poisson process with the unormalized density On one hand, since the 

Poisson process covers completely the space M'’*, it influences the CRCM to have 
an unique connected component which annihilates the energy contribution. The 
CRCM tends to be a Poisson process and more 2 ; is large more this influence 
is strong. On the other hand the energy density influences the CRCM to have 


several connected components which tends to seperate the CRCM from the 
Poisson process. This competition between the Poisson point process and the 
energy is called Entropy-Energy competition in statistical Physics. We prove 
in Theorem 2 that the competition is well balanced for z small enough. Both 
forces can influence the infinite volume phase. We believe that the Poisson 
process dominates the competition when z is large enough and it is the sense 
of the conjecture. Heuristic arguments are given in Section 6. 


4 Proof of Theorem 1 

In Section 4.1 we construct a sequence of finite-volume CRCM {Pn)n from 
which we extract an accumulation point P. The compactness (for the local 
convergence) of level sets of the specific entropy is the main tool here. Then it 
remains to prove that P satisfies the DLR equations. To this end we need to 
show first that P has at most one unique infinite connected component. This 
question is addressed in Section 4.2. Finally in Section 4.3 the DLR equations 
are proved. The idea is simple, since Pn satisfies the DLR equations and that 
(Pn) tends to P for the local convergence, we get the DLR equations for P in 
passing through the limit. However the Gibbs kernels are not local and so a 
sequence of localizing events has to be introduced. 


4.1 Existence of a limit point 

For n a positive integer, we set A„ =] — n, n]^ and we define the finite-volume 
Gibbs measure with free boundary condition as follow 

Pnidco) = 

where is the normalizing constant. We need to 

define a stationary version of Pn- Let Tx be the translation of vector x. Then 
we define Pn = Pn^’^ as the probability measure ® Pn'^’’^ o r^ni and finally 


p _ pz,Q,q _ 

r). — J- ^ — 




pz,Q,q 


o T.- 




where In =] —n, n]'^nZ'^. Then Pn is invariant under the translations 
(i.e. Pn is stationary). Our aim is to find an accumulation point of the sequence 
(Pn) for the suitable local convergence topology. 


Definition 4.1.1. A function f is local if there exists a bounded set A such that 
f{u) = f{oJA) for all configurations to in Q. A sequence (fin) of measures con¬ 
verges to /r for the local convergence topology if, for all hounded local functions 
f we have 
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The specific entropy is a powerful tool for proving the tightness for such 
topology. Let n and u be two probability measures on fl. The relative entropy 
of /i with respect to v on the set is defined by 


+00 else , 




where /rA„ ^ means that is absolutely continuous with respect to 
Definition 4.1.2. Let ^ be a stationary probability measure on O. Then 


= lim 

n^oo 


|A„ 


is the specific entropy of p with respect to 

Note that the limit above always exists. We refer to [9] for a general pre¬ 
sentation. The following proposition is our tightness tool. 

Proposition 4.1.1 (Proposition 2.6 [7]). For every ci,C 2 > 0 the set 


{p stationary probability measures,{p) < cii{p) + C 2 }, 

where i{p) is the mean number of points in the box [0, l]'^ for the probability 
measure p, is compact and sequentially compact for the local convergence topol¬ 
ogy- 

So by Proposition 4.1.1, to ensure the existence of an accumulation point 
for the sequence (Pn), we just have to prove an uniform bound for the specific 
entropy X^{Pn). 

Proposition 4.1.2. For all n we have, 


X^{Pn) < z + max(ln(g), O)i(Pn)- 


Proof. First, it is straightforward that by Proposition 15.52 in [9] 


= ^TAjPnlvr^’®), 


( 6 ) 


with 


XAAPn\7r^’^) = 


Zn 


Pn{du) 


=-\n{Zn)+ hi{q) [ Ncc{io)Pn{du). 
JQ 

Moreover Zn > Pn(w = 0) = exp(—z|A„|) and 


(7) 


0 < / Ncc{uj)Pn{duj) < [ uj{R'^)Pniduj) = |A„|i(P„) = |A„|z(P„). 

Jq Jq. 

Adding together ( 6 ), (7) and ( 8 ) we get the result. 


( 8 ) 

□ 
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The existence of a an accumnlation point P = follows and for simplic¬ 

ity we write that the sequence (Pn) converges to P in place of a subsequence. 

For technical reasons involving the DLR(A) equation, the sequence (Pn) has 
to be modified by the the sequence (/r^); 


,,A — iA,z,Q,q 

H‘n ~ H^n 


1 

{2nY 


pz,Q,q 

(A/i) 


O T. 


^-1 


(9) 


This is no longer a probability measure sequence but the Proposition 4.1.3 
below shows that the local convergence to P holds as well. Moreover each 
satisfies the DLR(A) equation. 


Proposition 4.1.3. For all local bounded functions f we have 


lim 

n—^oo 

and for all n > 1 



fi‘^) l^niduj) 



f{uj) Pniduj)\ 


= 0 . 


f{^)h'n{duj) = / / /(wa + WA=) 


Q. Jn 


Zk 




Proof. The proof of the first part is given in [5] Lemma 3.5. The proof of 
the DLR(A) equation for is a standard consequence of the compatibility 
equations ( 2 ). 

□ 


4.2 Uniqueness of the infinite connected component 

For A; in N U {oo}, we denote by {A^“ = k} (respectively < k}) the event 
of configurations uj having k (respectively no more than k) infinite connected 
component (s). This section is devoted to the proof of the following proposition. 

Proposition 4.2.1. Under the assumption (A) we have 

pz,Q, 9 ({^c« < ^ 

The proof is based on a local modification property which claims that the 
configurations in a finite box can be modified with positive probability. 

Proposition 4.2.2 (Local modification). Under the assumption (A), for all A 
bounded, all B G F\c satisfying P{B) > 0 and all A G F\ satisfying > 

0 we have 

P^’^’PAnB)>0. ( 10 ) 

Proof. First for any real number Rq > 0, let Ap^^ be the event A n {w G 
0,V(x,R) G WA, R < Rq}- By the monotone convergence Theorem, there is a 
finite Rq such that 7 r^’®(Aijp) > 0. Since R(Arq HR) < R(AnR) it is sufficient 
to prove the proposition in the special case A = and that is what we do. 
By a martingale theorem, we have \b = lim Ep[ls|Rr] P — cls. Moreover the 
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function Ep[1s|-7t]j that we denote by cj)^, is local and the local convergence 
can be applied. 


P{Ar\B)= lim / lA{uJK)(l)Y{i^T\k)P{d^) 
Jn 


= lim lim / (wr\A)/^n(^^) 

r-).]Rdn->-oo 


= lim lim 


lA(c^A)</>r(^r\A) ^ ZA(a;Ac) 

( 11 ) 


The second and third equalities are obtained by Proposition 4.1.3. 

From now on we have to separate the cases q>l and g < 1. 

• Case g > 1. 

From (3) we get 

^A(a;Aj<e(^-')"'^'. (12) 

From (4), (11) and (12), we obtain 


P{A n B) > 'A' 




= lim lim 

..K 


g(g-l)z|A| 


TT 


1^{A) [ lB(a;Ac)g-‘^(^«o\^)p(da;). 
JQ 


(13) 


which gives P{A D B) > 0. 

• Case g < 1. From (4) and assumption (A), which bound the radii in the 
case g < 1 , we get 


Za{coa.) < 


(14) 


From (3), (11) and (14) we obtain 

r r Qpi^) 

P{AnB)> lim lim / / lA(a;(v)</>F(wA-)^^ 7 ^-^<’'^(dw')/r)l(da;) 

r^Rdn^oo 

= lim lim / (j)^{u)A<^)- --l^n(c^a;) / 1 a 

r^Rdn-^oo g^ 

= y^lB(a^AO ^g(i_A-) P{.duj) ^^’'^(da;'). 

^ "" ( 15 ) 


which gives P{A{~\ B) > 0 as well. 
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□ 

Using the Proposition 4.2.2, we are now in position to prove Proposition 4.2.1 
in following a standard strategy in percolation theory. We just give a sketch of 
the proof and we refer to [14] for details. First we represent P as a mixture of 
extremal ergodic stationary probability measures P = J PgQ{d9) where each Pg 
satisfies the local modification (10) property. We show now that for 0-a.s. all 
6, Pg{N^ < 1) = 1. By ergodicity of Pg, the number of infinite connected com¬ 
ponents is Pg-almost surely constant. The case of a finite number, larger than 
one, infinite connected components is excluded thanks to the local modification 
property. The case of an infinite number of infinite connected components is 
also excluded by a Burton and Keane argument [2]. 

In the next section, the d-moment assumption (i.e. f R'^Q{dr) < oo) ap¬ 
pears for the first time in the proof of Theorem 1. In particular it is not required 
in the proof of Proposition 4.2.1 above which will be usefull in the proof of The¬ 
orem 2 in Section 5. 

4.3 DLR equations 

In this section, we fix the bounded set A and we show the DLR(A) equation. To 
this end sequences (Wij) and (Ajj) of events are defined on which the variable 
is local and such that the probabilities P{Wij) and P{Aij) tend to one 
when i and j tend to infinity in a good way. Without loss of generality we 
assume that the function / in the DLR(A) equation is local and satisfies, for a 
finite Rq, f{uj) = 0 as soon as there is (x, R) in wa with R > Rq. The general 
case is obtained by standard approximations. 

Definition 4.3.1. Let A* = [—For j > i we define 

• Aij = {a; G n, V(x, R) G B{x, R) H Ai = 0}, 

• Wij the event of lv in 0, having at most one connected component of 
L{uj/^.\/f) which intersects A^^q and A?, where is the set A©P(0, Rq). 

Before investigating the probability of those events, the next lemma shows 
the ’’localization” of the functional N^. 

Proposition 4.3.1. For all j > i large enough (depending on A and Rq) and 
for all oj in Aij n bUj 

Proof. Since lo is in Wij n Aij, each balls of L{uj^A) does not hit L{uj\) and 
does not hit two or more A-components of Therefore 

= iVe,(a;A,) - 

□ 

The probability of the events (Wij) and (Ajj) now have to be controlled. 
Involving the events Wjj- we have the following proposition. 
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Proposition 4.3.2. 


(16) 


lim lim P{Wi^j) = 1. 
i^ooj^cc ’ 

Proof. We have that 

~ has at most one inhnite cc intersecting Ai^g}. 

Then 


lim lim P{Wij) = P 

i^ooj^oo ’ 


ieNj>i 


> P{L{uj\c) has at most one infinite cc ) = 1. 


(17) 


To prove the last equality in (17), let suppose that with positive probability 
L{uj\c) has at least two infinite connected components, then using the local 
modification result (Proposition 4.2.2), 

P{L{ijj) has at least two infinite connected components) > 0, 


which is a direct contradiction of Proposition 4.2.1. 

□ 


The control of the probability of Ajj is a bit harder to obtain. Since Ajj is 
not a local event, the probabilities /r()(Aij) need to be controlled uniformly on 

n. 

Proposition 4.3.3. Under the assumptions of Theorem 1, meaning bounded 
radii or q > 1 and R'^Q{dR) < +oo, then for all i > 1 

lim max(.P(AT),sup|uO(Af •)) = 0 . 

Proof. The case of bounded radii is quite simple since for j > i+Ro, P{A1-) = 0 
and ■) = 0. In the case g > 1 and f R'^Q{dR) < +oo, we use stochastic 

comparison results in [11] to compare with respect to vr. Recall standard 
definitions on stochastic domination for point processes. An event A is called 
increasing if for any X = {x,R) and any conhguration ui, then uj + dx G A as 
soon as a; G A. If ^ and are two probability measures on fl, we say that n 
dominates /r if /r(A) < z^(A) for all increasing set A. 

For any (x, R) and any finite configuration to the difference Ncc{uj + 6(^x,r)) ~ 
Ncc{ea) is at most one. Therefore, thanks to Theorem 1.1 in [11], P^ is stochas¬ 
tically dominated by and for any increasing event A we have lJ-n{A) < 

7ri^'^{A). Since the event A?^- is increasing, we have the inequality 

niiAli) < ( 18 ) 

In considering the events 

Ai,j,k = {w G n, V(x, R) G WAjnAfe, B{x, R) D At = 0} 
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we have 


k ” k n 


lj,k) 


< lim lim n 

k n 


(19) 

It is well-known that the number of balls in a Poisson boolean model (with 
intensity measure m = ® Q) which intersects a bounded set A is a Pois¬ 

son random variable with parameter z J{X^‘^\A © B{0, R))Q{dR) (See [4] for 
instance). Since R'^Q{dR) < +oo, this parameter is hnite and the random 
variable is almost surely finite. We deduce that lim •) = 0 and the 

j^OO 

Proposition 4.3.3 follows from (18) and (19). 

□ 


We are in position to prove the DLR(A) equation. Consider the quantity 

1 


h = 


/ fdP- / / /(wa + wac) „ , 
'n Jo, Jn 


-g^-K+"^A^)7rA(d^u')P((iw) 


where / is also assumed to be bounded by 1. Let us show that 5 is arbitrary 
smaller than any e > 0. 

By Proposition 4.3.2 and Proposition 4.3.3 we choose i < j large enough 
such that U W^j) < e and < e for all re. So 


<5 < 


n-^A(‘^A+^Ac) 

fdP- I I 1a, ,nWij(^A0/(‘^A + ^A0 ^ ^ / - —'KA{(ko')P{duj] 


In JnJn \ / Zx{iOf^c) 


+ e, 


thanks to Proposition 4.3.1 

(5 < / fdP- / / 1a, jnWi,(c^A0/(‘^A + ^A0 ^ ^ / - ;—7rAiduj')P{du}) 


< 


n JnJn " “ Za{ui^.\a) 

r _ r r 

‘ fdP- / / lvy,,(a;A<=)/(a;A + - ^TTA{duj')P{duj) 

n JnJn ’ ^A[<^Aj\A) 


+ e 


+ 2e. 


But since IvVij i® ^ local function, we can use the local convergence of to 
P. So for a re large enough (which depends on i and j fixed) we have 


<5 < 


< 


('^A +‘^A ■ \A ) 

q 


/ fdfkn- / / ^Wij(.UJA-)f{uJA+U}Ac) 

In JnJn ^a(wAj\a) 


7rA{duj')finidui 


In 


fdf^n- / / f{‘^'A + ^A-)^Aijnw,j{‘^A-) ^.o.. \ T^A{duj')n^{duj) 

Jn Jn 


< 


A I / qA^mI^^A+'^Ac) 




Za(wa‘=) 

TTA{duj')lJ.n{du] 


+ 3e 

+ 4e 


+ 5e. 


By Proposition 4.1.3 satisfies the DLR(A) equation and so we get 


<I<5e + // 0 (WP)< 6 e. 
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5 Proof of Theorem 2 


In the proof of Theorem 1, the assumptions of bounded radii or integrable 
radii are important to localize the local conditional densities, using comparison 
tools. This proof can not be adapted to the case of non integrable radii and 
we turn to another strategy based on a Fortuin-Kasteleyn representation of the 
CRCM via a Widom-Rowlinson model. In Section 5.1 the Widom-Rowlinson 
model is defined as a random balls model with q different colours such that 
balls with different colours are not allowed to overlap. In Section 5.2 we show 
that a colour blind Widom-Rowlinson model (i.e. the colours are forgotten) is 
a CRCM. The uniqueness of the infinite connected component is required in 
this identification. In the last Section 5.3 we show the existence of a Widom- 
Rowlinson model having this uniqueness property and such that for z small 
enough it has almost surely at least two different colours. This ensures that 
the associated CRCM is different to the Poisson process and the Theorem 2 is 
proved. 

5.1 Widom-Rowlinson model 

Starting now q is an integer larger than 1 and is the number of colours in the 
model. Let S denote the new state space x M"'' x { 1 ,..., g}. Q is the set 
of coloured configurations, embedded with the classical cr-algebra F. To avoid 
confusions we write Co for a coloured configuration and tt = denotes the 

law of a Poisson point process on with intensity measure m = ®Q®hlq 
where liq stands for the uniform law on the set {1,..., g}. As before, for a subset 
A of WA, and tta are the restrictions on the set A x M"*" x { 1 ,..., g} of 
the respective objects. The set of authorized conhgurations A is defined as 
followed. 

A = {u £ ii, V(x, R, k), (x', R', k') Gw, k A k' ^ \x — x'\ > R + R'}- 
In this set two balls of different colours do not overlap. 

Definition 5.1.1. A probability measure p, on Vl is a Widom-Rowlinson model 
for parameters z, Q and q (WR(z,Q,q)) if it satisfies the two following prop¬ 
erties. 

• p{A) = 1. 

• DLR equations : For all bounded set A, for all bounded functions f 

ff dp = [ [ /(wa + ^ TrAidCj')p{du), 

Jn JnJn ZaIwac) 

where Z\{uj\c) = + waO^a(^‘^ 0 - 

In the case of deterministic radii, the Widom-Rowlinson model have been 
first introduced in [18] and studied in [3, 10] for example. Those papers are 
mainly devoted to the case of deterministic radii but can be easily extended 
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to the case of bounded random radii. Here we investigate the more compli¬ 
cated non integrable case R^Q{dR) = +oo. Note that the Poisson point 
process coloured by a single colour is a WR(z, Q, q). In the following we 

are interested in a mixed phase which ensures almost surely the simultaneous 
existence of at least two colours. 

5.2 The Fortuin-Kasteleyn representation 

First let us introduce the notions of colour-blind measure and colouration kernel. 

Definition 5.2.1. From a probability measure p, on we define the two 

following quantities : 

• The colour-blind probability measure pLcb on by picb{B) = pi[B x 

g}) for each B ^ F. 

• The colouration kernel Cfj, on FxQ defined by C^{A\.) = where 

F is consider here as a sub a-algebra of F. 

In other words, pL^b is the law of the random balls model pt where the colours 
are forgotten and is the kernel which gives the distributions of colours for the 
random balls model p, given the configuration of balls. The relation between the 
CRCM and the Widom-Rowlinson model is given in the following proposition. 

Proposition 5.2.1. If p is a WR(z,Q,q) with at most one infinite connected 
component, then the colour-blind measure pcb is a CRCM(z/q,Q,q). 

This result is well know in finite volume and has been used to give phase 
transition result in [3] for the Widom-Rowlinson model and in [8] for the larger 
class of continuum Potts models. Note also that the standard Fortuin-Kasteleyn 
representation gives a colouration procedure on the CRCM(z/ q, Q, q) in order to 
recover a WR(z, Q, q). We ommit this part here. Note also that no assumption 
in Proposition 5.2.1 is required on Q or z. 

Proof of Proposition 5.2.1. One can carry out the proof using the DLR equa¬ 
tions, but it turns out it is slightly easier using the equivalent definition of Gibbs 
measures via the GNZ equations [17]. 

Lemma 5.2.1 (GNZ equation). A probability measure p on Cl is a WR(z, Q, q) 
if and only if, for all measurable bounded F 

I^F{uj-6^,X)p{dCj)= [ fF{Cj,X)lj^{u! + 6j^)rh{dX)p{doj), ( 20 ) 

Jh Jn Js 

xew 

where X = (x, R, k) and rh = z\^ ® Q ®Uq. 

A probability measure n on H is a CRCM(z,Q,q) if and only if, for all 
measurable bounded F 

f Y,F{u} -Sx,X)u{du;) = [ [ F(w,X)g^-(‘^+^^)-^-(‘^)m(dX)z/(da;), 

Jn Jn Js 

( 21 ) 
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where X = {x,R), m = zX^ ® Q and where A is any bounded subset 0 / 
containing x. 

We need a standard result which describes the colouration of the finite 
connected components in a WR(z, Q, q). 

Lemma 5.2.2. Let g. be a WR(z^ Q, q). For g, almost all oj the colour of a given 
finite connected component in C^{.\ijj) is independent of the colours of all other 
finite or infinite connected components, and its law is uniform on {1,... ,q}. 

This lemma is a straightforward consequence of the DLR equations satisfied 
by /r. Details are omitted. 

Now let us prove that ficb satisfies (21) given that p, satisfies (20). Let F be 
a bounded measurable function from D x S' to M and its associated extension 
F on Q X S defined by F{oj,X) = F{oj,X), where X = {x,R,k), X = {x,R) 
and io is the projection of w on D the space of not-coloured configurations. 


/ - ^x,X)pcb{daj) 


In - , 

xeuj 


F{Cj-5^,X)n{duj) 


n Js 


F{uj, X)\_a{Cj + 5jfi)rh{dX)p.{dCj) 



( 22 ) 


where X = (X, k) is a coloured point. The indicator function lyi(a) + (5(x,fc)) 
(22) is equal to one if and only if all connected components of L(tD) hitting the 
ball B{x, R) have the same colour k. Now let us consider that oj and X = {x, R) 
are fixed and we denote by j the number of connected components in L(uj) 
hitting the ball B{x,R). Since the number of inhnite connected components is 
at most one, two cases are possible : 

• All of those j connected components are finite. Thanks to Lemma 5.2.2 



- f 1 _a{u} + 6(^x,k))Cn{duj\aj) 
1 Q Jn 

k£{l,..q} 


= E 


1 1 

qq^ 


1 

qF 


(23) 


• One of those connected components is infinite. Thanks to Lemma 5.2.2, 
the colours of finite connected components are independent of each other 
and independent of the colour of the infinite connected component. There¬ 
fore similar computations give the same result as in (23). 

Adding (23) into (22) we obtain 
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[ - 6x,X)ncb{duj) = [ f_F{u,X)^m{dX)ficb{duj) 

Jn Jn Js Q 

= [ [_F{uj,X)q^~^-m{dX)ncbidid) 

Jn Js Q 

Jn Js Q 

(24) 

which is exactly the GNZ equation for a CRCM(z/g, Q, ( 7 ). The proposition is 
proved. 

□ 


5.3 Existence of a Widom-Rowlinson model 

In order to use Proposition 5.2.1 for proving Theorem 2, we need the following 
existence result. 

Proposition 5.3.1. If R^Q{dR) = + 00 , there is a critical Zc > 0 such 
that, for all z < Zc, there exists a stationary WR{z,Q,q) having at most one 
infinite connected component. Moreover, with probability one there is at least 
two balls with different colours. 

The proof of this result follows the same scheme as the proof of Theorem 1. 
First in Section 5.3.1 we construct a limit point via a finite volume approxima¬ 
tion sequence. The uniqueness of the infinite connected component is proved 
as in Section 4.2. Our strategy for proving the DLR equations is based on a 
sequence of shield events presented in Section 5.3.2. They are related to boxes 
containing balls with different colours and therefore in Section 5.3.3 we prove 
that the limit point do not produce almost surely an unique colour. This is 
done by comparing its specific entropy to the class of monochromatic probabil¬ 
ity measures. At this point the assumption ’’small z” seems crucial. Finally in 
Section 5.3.4 the DLR equations are proved. 

5.3.1 Existence of a limit point 

As in the previous section, the finite volume Widom-Rowlinson measure with 
free boundary condition is defined as 

Vn{dw) = 

The probability measures In = ® Vn o and In = -Jt- In ° are 

defined from Vn as in Section 5.3.1. Moreover the local convergence topology, 
the specific entropy and the tighness tools are similar and lead to the following 
result. 
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Proposition 5.3.2. For all n 


< z, 

which ensures the existence of an accumulation point = p of the sequence 

(h'n) for the local convergence topology. 


Proof. By Proposition 








r» 


15.52 in [9] 

|A„lin \ Zn ) Z„ A” 

- 1 ^ 

|An| “ ■ 


(dui) 


□ 


For simplicity we suppose that (r'n) converges to = p (without taking 

a subsequence). Let us start to investigate the property of F. 

Proposition 5.3.3. h{A) = 1. 

Proof. The event A is not local but has the following approximation by local 
events : for all w, we have = lim The local convergence can 

k—^oo 

be used. 


u{A) = lim lim / 

k^oon^oo 

= [ lAiTi{CoAj)i>n{doj). (25) 

fc^oon->-oo (2n)“ ^ Jq 

l^ln 


For n > k, the configuration Ti{ujA^.) is Pn-almost surely in A as soon as i G 
[k — n,n — k]‘^. Therefore 


^(.^) > hm lim 

fc—>-oon^oo 


{2{n-k)f 

{2nY 


= 1 . 


□ 


Proposition 5.3.4. 


< 1 ) = 1 , 


where the event < 1} defined as in Section J^.2. 


Proof. The proof is based on the results of Section 4.2 on the uniqueness of the 
infinite connected component for the CRCM. First note that the colour-blind 
probability measure of denoted by ■> is the finite volume continuum 

random cluster measure defined in Section 4.1. Therefore, in passing 

to the limit for a suitable subsequence we find that P^A>Q^<i = By 

Proposition 4.2.1 produces at most one infinite connected component 

and by the identification above the same occurs for □ 


Note that since R^Q{dR) = -|-oo, Theorem 1 can not be apply and we 
don’t know if P is a CRCM. 
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5.3.2 Shield Events 


In this section a sequence (II4) of ’’shield” events is introduced in order to 
localize the indicator function + wac). We define the event 

Col = {(u G 17, oj has at least two balls with different colours}. 

Proposition 5.3.5. Let K he a bounded subset of and let n be a station¬ 
ary probability measure on (Lt.,F) satisfying u{Col) = 1. Then there exists 
a sequence (Afc)fc>i of compact subset of M'’*, a sequence of events {Wk)k>i, 
satisfying Wk G ipAk particular they are local) such that 

1. u{Wk) I, 

k^OQ 

2. for all configurations ui in An Wk and Cj' in LI, we have 

1.4 (^A + = 1.4 (^A + WAfc\A)- 

Proof. Let us begin with the construction of the set and the event Wk ■ The 
idea is simple. If balls with different colours are wisely placed around A, then 
those balls prevent those far away to hit the balls in A. Let us give the details. 

First since A is bounded, it is included in a cube A = [—a,aY for some 
positive integer a. Now for each integer k larger than a, we place in each 
corner of A a cube Bj, j G {0, l}'^, with edge length k; 

i=l..d 

where k+a] = [a,k-\-a\ if j* = 0 and [—a — k,—a\ if j* = 1. We denote 

by Wl the event of configurations Co having at least two balls with different 
colours centred inside each Bj. By simple geometrical arguments there exists 
a positive integer Di depending on k such that any ball centred in A, hitting 
the set G := [—a — k — Di,a-\- k -\- Di]^, necessary covers at least one cube Bj 
for some j G {0, l}'^. So the event W). confines the balls centred in A inside the 
set G. Now we need to prevent balls centred too far away to hit the set G. We 
consider the following 2'^ cubes 

C^ = ( —1)-^* [a + k + D\ + 1,0; + 2k + D\ + 1] 

i=l..d 

for j G {0, l}'^ and we denote by IF^ the event of configurations Co having 
at least two balls with different colours centred inside each C^. By simple 
geometrical arguments again, there is a positive integer D 2 depending on k 
such that any ball centred outside 

^k ~ [—— 2k — Di — 1 — 7^2) OL + 2k + D\ + 1 + 

hitting the set G necessary covers at least one cube C^ for some j G {0,1}^. 
So the event IF| confines the balls centred in A^ inside the set G^. 
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Figure 1: Shield event Wk 


In conclusion the event Wk := H VF| insures that for an allowed config¬ 
uration uj ^ A the balls centred in A do not hit the balls centred outside A^. 
The property 2) in Proposition 5.3.5 follows. It remains to prove the property 
!)• 


~ ^ { U ^ Col} U {u!(jk 0 Col} 

< ^ 0 Col}) + u{{ojQk 0 Col}). 

je{o,i}d 

Since is stationary the probabilities i'{{ujnk 0 Col}) and 0 Col}) are 

j ^3 

equal for all j and fixed k. Moreover since v{Col) = 1 this probability tends to 
0 when k tends to infinity. The property 1) follows. 

□ 


5.3.3 The limit point is not monochromatic 

Ideally we wanted to prove that i>{Col) = 1 in order to use the shield events 
iWk) in Proposition 5.3.5. Unfortunately we didn’t success to prove it. However 
we show that u{Col) > 0 for z small enough. It will be enough in the follow¬ 
ing by considering the probability measure v{.\Col) as the expected Widom- 
Rowlinson model. A probability measure /r which satisfies fi{Col) = 0 is called 
monochromatic. 
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Proposition 5.3.6. There is zq such that, for all z < zq 

9^’^'^{Col) > 0 . 


Proof. We show that 9 is different from all stationary monochromatic proba¬ 
bility measures by comparing their specific entropy. First we show a uniform 
lower bound for any stationary monochromatic probability measures. Secondly 
we find an upper bound for the specific entropy of 9 which is smaller than the 
lower bound above. These bounds are detailed in the points 1) and 2) below. 

1) The uniform lower Bound 

Let P be a stationary monochromatic probability measure and we suppose 
first that its colour is deterministic (let us call it red). For any positive integer 
n, we are looking for a lower bound of X(Pa„ If is not absolutely 

continuous with respect to then = +oo else 


For each configuration Cj we consider the red balls of id and Cd^^ the 
others. Then 


dPA„ 


(w) = /i(£l;^^|£h^)/2(£h"), 


-.R\ 


where fi[.\id^) is the conditional density, with respect to vf^® , of the 

non red conhgurations given od^ and /2 the density of red conhgurations with 
respect to Since P is monochromatic 


fi{Ld^^\id^) = exp 


and we find 


TiPAjrP’'^)= / ln(/i(^h^«|a}^))PA„(d(h)+ Hhiid^))PA„{dij). 
J J ^ 

> '^—z\K\. 


Dividing by |A„| and taking the limit we obtain this uniform lower bound 

T"(P) > ^^z. (26) 

q 


Now if the colour of P is not deterministic, then P is a mixture of q 
monochromatic probability measures with deterministic colour. Since the spe¬ 
cific entropy is an affine functional (Proposition 15.14 [9]) the inequality (26) is 
still valid for such P. 

2) Upper bound for the specific entropy of 9 

In Proposition 5.3.2 a first bound T^{9) < z is given but it is not fine enough 
here since it is larger than the lower bound in (26). Let us improve this bound. 
Recall that 


r(p„) = 


I T^a 




-ln(ijO-’M)) 

|A„| 
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Let y > 0 and A be the cube ]0,y]'^. An is divided into kn disjoint copies 
of A and a boundary term. So |A„| = (2n)'^ = kn\A\ + c„ = y'^kn + Cn where 
Cn = o{iA^). We denote hy 4>y = ^ Jg+ ^B{x,R)cAQ{dR)dx the probability 
that a ball centred in A is completely included inside A. A particular allowed 
configuration u; € A can be constructed by forcing that all the balls centred 
in each copy of A have the same colours and are completely included in A. It 
leads to the following inequality. 


vr 


z,Q,g 


(-4)> 


exp(-z/) I 1 + g^^(zy'^(f)yy 


ieN* 


exp(-2;((2n)'^ - A:„/)) 


> exp(-z(2n)'^) X ( 1 + ^ -^^izy^^yf 


ieN" 


ilq" 


(27) 


and therefore 




{2nY 


In ( 1 — q + q exp 


zy^(j)y 


^ z j 


\(2n)'^ 


— lllnl 1 — q + q exp 


q 


(28) 


Now since 

(2n)“ 


0 , there is no such that for any n > no we have 


~ 1 ^ Proving that the upper bound (28) is smaller than the lower 
bounds in (26), falls to show that the following function 'L is negative 


: 2; !-)■- ^ In 1 — q + q exp 

q 8y“ 


zy'^cj)y 


The derivative is given by 


^'( 2 ) = ---y eM^y%/q) 


q 8 ^l-q + qexp{zy<^4>y/q) 


which is null for the unique root Zy = In • This root is positive 

as soon as Sy > ^ which is realized when y is large enough, since d>y —)■ 1. 

'y 3/—>-oo 

With this settings we have T'(0) < 0 and since 'I'(O) = 0, the function T is 

negative at least for 2; smaller than Zy. Hence there exists 20 > 0 such that for 

any 0 < 2; < there exits e > 0 such that for n > no 


^ — -z-e. 
q 


(29) 


Since the specific entropy is lower semi-continuous, the inequality (29) holds 
for as well. Thanks to the uniform lower bound (26) for monochromatic 

probability measures the Proposition 5.3.6 is proved. 

□ 


24 















5.3.4 The DLR equations 


As mentioned in Section 5.3.3 we consider the conditional probability measure 
i'Coi = ~ v{.\Col), which is well-dehned by Proposition 5.3.6, as the 

expected Widom-Rowlinson model. Since the event Col is stationary, the prob¬ 
ability measure i'coi is still stationary and satishes = 1 as well. Let us 

show that Pcoi satishes the DLR equations. 

As in (9) the sequence {i^n) has to be modihed. Let A be a bounded subset 
of M'^. we dehne 

= ^ E 

^ ' iein 

ACTi (Ati ) 

and the analogous of Proposition 4.1.3 holds. 

Let / be a local measurable function bounded by 1. We dehne 6 as followed. 


(5 = 


fducoi - 


f/-' I - (A~\ 

/(Wa + CUA'^j ^ TTA{duj )ucoi[du}) 

CkiiOhC 


Let e > 0. By Proposition 5.3.5 there exists k satisfying vcoiiWk) — leading 
to 


Since Wk C 
we obtain 


Col and since and Z\ are A^-local on Wk by Proposition 5.i 

< I / ufro/1 ~ /- /- + dJAc) ^ ^K{dCb'\ 

Jqu[CoI) JfiJn Za{uja^^\a)u[CoI) 


'(UU 


The local 

<5 < 


A 


u{coiy 

convergence Xn ^ ^ implies that for n large enough 

1.4(wa + WAfc\A) - fA~i\ ^tA~\ 
— -^— 'KAlduj )Xr,{doj) 

Zk{u^^\a)KCoI) 


^fdx^- f f 

-iCoiy JnJn 


- n 1 . 4 (Wa+Wac) _ 


n 
2 e, 


llVfe(wA^ 

[ -^^\J dXn- / [AwydlAyf{uj'A+UJAc)^j^^^^^^TTA{doj')Xn{dO) + 

quWoI) jQJn Za{uja^)i^[CoI) 


where the last equality is due to the DLR equations satished by Xn i 
Proposition 4.1.3. Taking e as small as we want, we get 5 = 0 and the result. 


6 Heuristic arguments for the conjecture 

The aim of this Section is to present heuristic arguments which strengthen the 
conjecture 1. For simplicity we assume in all the section that the radii are 
uniformly bounded from below; there exists Rq > 0, (5([Ro;+oo[= 1). Let us 
start by presenting some rigorous results for any CRCM{z, q, Q) that we denote 
by P. We don’t assume for the moment that the radii are not integrable. 
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Since the radii are uniformly bounded from below, the volume of the con¬ 
nected components are also uniformly bounded from below by v^Rq- Therefore 
for any configuration cj with radii larger than Ro, any marked point X = (x, R) 
and any A C R'^ containing x 

N^^ico + 5x) - (30) 

where Cq is the constant {3/Ro)'^. We deduce from Theorem 1.1 in [11] that P 
dominates stochastically the Poisson process vr^ q where 

Q{dR) = q-^^^^QidR). 

Let us note that the measure Q is no longer a probability measure (which 
does not matter), but always admits a d-moment; f R'^Q{dR) < -|-oo. This 
stochastic domination provides the general behaviour of the connected com¬ 
ponents of P. Indeed it is well known that the germ-grain structure L(w) = 
R), under vr^ q, percolates for z large enough. Moreover for z very 
large, L(u}) is a large ocean of connected balls with a few holes scattered in 
the space which possibly contain small connected components inside. Since P 
dominates vr^ g, the same behaviour holds for P or P produces a large ocean of 
connected balls without holes. In this second case, P has only one infinite con¬ 
nected component. The conjecture claims that, in the non integrable setting, 
for z large enough this second behaviour occurs. 

Let us define the quantity Np which represents the mean number of con¬ 
nected components per unit volume produced by P. Let X be an element of 
id and C'x(w) the connected components of L{uj) containing X. We say that 
X = {x,R) is the far left point in C'x(w) if the first coordinate of x in is 
smaller than any first coordinate of point Y G Cx{oj)- For P almost all u, any 
bounded connected component in L{u) has only one far left point. So there is a 
bijection between the connected components and the far left points. Therefore 
a possible definition of A^p is 

Np = L Y d (x)]l{(3;^p) is thg far left point in Cx(t<;)}'F(du;). 

^ {x,R)(^lu 

The behaviour of the connected components of P described above implies 
that Np goes to zero when z goes to infinity. We can show rigorously an 
exponential decay. 

Lemma 6.0.1. Assume that the radii are uniformly bounded from above; there 
exists Rq > 0 such that Q([Po)+c>o[) = 1. Then there exist C > 0 such that, 
for z large enough, 

Np < 

Proof. Thanks to the GNZ equation (21) and the stationarity of P, we have 
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Np 





< 


is the far left point in C(^j. ji'){u]+ 5 (^^ ji'^)}Q(.d^)dxP(^dL0^ 

zq / -P^(0, R) is the far left point in C(^f)^p){uj + d(^(},R))^QidR) 


Since that P dominates vr^ q we get 


Np < zq J TT^ Q ^(0, i?) is the far left point in (7(0,_R)(w + 5(0,_R))^ 

< zq i: \^q(o ^ L{uiett))Q{dR) 

(31) 


= zqe 


-z|nd/+“ R‘iQ{dR) 


where wieft is the configuration of points {x,R) Gw whom the first coordinate 
of X is negative. The last equality in (31) comes from standard computations 
for the Boolean model [4]. In adjusting correctly the constant C the proof of 
the lemma follows. 

□ 


Let us turn now to a non rigorous proof of the conjecture in the case Q{dR) = 
^^^[i,+cx)[iR)dR- Other distribution Q could have been considered as well. Let 
us show that Np = 0 for z large enough which leads to P = vr^,Q. 

We assume that P is extremal (so ergodic) in the simplex of CRCM(z, q, Q). 
Since Np\s the mean number of connected components per unit volume, thanks 
to the ergodic Theorem, for any x G and P-almost every oj 

iim -^—Pi- = —Np. 

Ri-^oo VdR^ 

So there exists > 0 such that for all P > 0 

N^A^ + 5 (,, h )) - nAA^) > -2vdNpR!^ - 

Assume that this constant K can be chosen uniformly in x and w. Obvi¬ 
ously this is wrong but, choosing K very large, this inequality holds with high 
probability which gives a sense to this approximation. It is the unique non 
rigorons part of this section. 

Following the same computations as in the proof of Lemma 6.0.1 we obtain 
that 


Np < 

< 


zqe-l^'^'^r^ /i+“ q-^-d^p^’^dR 

zqe-^^^p"^" 
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where c is a non negative constant. A simple analysis of this inequality shows 
that for z large enough, the only one solution is Np = 0. 
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